A general theory for the study of degenerate Hopf bifurcation in the presence of symmetry has been carried out only in situations where the normal form equations decoupte into phase/amplitude equations. In this paper we prove a theorem showing that in general we expect such degeneracies to lead to secondary torus bifurcations. We then apply this theorem to the case of degenerate Hopf bifurcation with triangular (D3) symmetry, proving that in codimension two there exist regions of parameter space where two branches of asymptotically stable 2-tori coexist but where no stable periodic solutions are present. Although this study does not lead to a theory for degenerate Hopf bifurcations in the presence of symmetry, it does present examples that would have to be accounted for by any such general theory.
INTRODUCTION
One of the more interesting features of degenerate Hopf bifurcations in the presence of symmetry is the appearance, via secondary bifurcation, of quasiperiodic motion on a toms. In this paper we concentrate on twoparameter systems of ODE and prove theorems that allow us to find and compute the direction of branching for some of these tori. The advantage of our approach is that we determine this information using only the Taylor expansion of the vector field at the point where degenerate Hopf bifurcation occurs.
The simplest form of Hopf bifurcation with symmetry group F occurs as follows. We assume that F is a compact Lie group acting absolutely van Gils and Golubitsky irreducibly on a vector space V, that is, the only matrices on V which commute with F are multiples of the identity.
Let
be a system of ODE where f is F-equivariant. In complex coordinates, absolute irreducibility implies that
where a(2)E C. We say that (1.1) has a Hopfbifurcation at 2=0 if a (0) then the direction of branching (supercritical or subcritical) and the asymptotic stability of these periodic solutions are determined. We call a Hopf bifurcation degenerate if either (1.3) or (1.4) fails. Such singularities are studied by Takens (1974) and Golubitsky and Langford (1981) .
In Hopf bifurcation with symmetry we have a degeneracy if either the direction of branching or the asymptotic stability of a branch of periodic solutions is not determined at the lowest order that it could have been. We are interested in such degeneracies because they may be unavoidable in two parameter systems. Degenerate Hopf bifurcations with O(2)-symmetry have been studied extensively for the past few years and the results concerning this specific case are discussed in Section 2.
We now explain why one should expect invariant tori to be produced by perturbing certain of these degeneracies. To do this we recall some of the theory of Hopf bifurcation with symmetry. We assume that f is in Birkhoff normal form, that is, we assume that f is F x SJ-equivariant ( 1.5 )
where for x|174 we have (7,0)(x|174176
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